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CfiMng 1 

‘Mcttso vht&i cov&Hyi, ‘sAmmig 

‘TttTtC 

1.1 ‘J(fidi niim va cat tinfi chat cua bat dang thttc 

1.1 So tfitic diking, so tfiitc dm 

• Neu x la so thifc dildng, ta ky hieu x > 0 

• Neu x la so thifc am, ta ky hieu x < 0 

• Neu x la so thifc difdng hoac x = 0, ta noi x la so thifc khong 
am, ky hieu x ^ 0 

• Neu x la so thuc am hoac x = 0, ta noi x la so thuc khong dildng, 
ky hieu x ^ 0. 

1.1 %fim mem Sat dang tfitic 

Dinh nghia 1.1. So thifc a difdc goi la 16n hdn so thifc b, ky hieu 
a > b neu a - b la mot so difdng, the la a - b > 0. Khi do ta cung ky 
hieu b <a. 

Ta co: a > b oa -b > 0. 

Neu a > b hoac a = b, ta viet a ^ b. Ta co: a ^ b o a - b ^ 0. 
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4 Chuongl. MOT s6 VAN BE CO BAN VE BAT BANG THIIC 


Dinh nghia 1.2. Gia s \i A, B la hai bieu thiic bang so. Khi do cac 
menh de co dang: 

" A 16n hdn B ", ky hieu : A>B 
" A nhe hdn B ", ky hieu :A<B 
" A 16n hdn hay bang B " ky hieu A^B 
" A nhe hdn hay bang B " ky hieu A^B 
dvfdc gei la met bat dang thiic. 

Quy vf6c : 

• Khi nei ve met bat dang thiic ma kheng chi re gi hdn thi ta 
hieu rang de la met bat dang thiic dung. 

• Chiing minh met bat dang thiic la chiing minh bat dang thiic 
de dung. 


1.1 Cac tinfi cfiat cd San cua Sat dang tfitic 

\a>b 


Tinh chat 1.1. (Tinh chat bac cau) neu 


b>c 


thi a> c 


Tinh chat 1.2. a > l 


>a + c> b + c 


He qua 1 :a>boa-c>b-c. 
He qua 2:a + c>boa>b-c. 


Tinh chat 1.3. 


Tinh chat 1.4. a > l 
He qua 3 : a>b< 
He qua 4: a > b < 


ac > be neu c > 0 
ac < be neu c < 0 

a < -b. 
a b x 
- > - neu c > 0 

s % , ■ 

-< - neu c < 0 
c c 


Nguyen Tat Thu 
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1.2. Mot so van de can litu y khi giai bai toan ve bat dang thiic 5 


Tinh chat 1.5. J a>b>0 ^. a c>bd 
\c>d>0 

Tinh chat 1.6. a>b> 0 o 0 < - < 

a b 

Tinh chat 1.7. a > b > 0,n e N* => a n > b n 
Tinh chat 1.8. a>b>0,neN* => > \fb 

He qua 5: 

• Neu a va b la hai so difdng thi : a> boa 2 >b 2 

• Neu a va b la hai so khong am thi :a)ioa 2 )fe 2 , 

Tinh chat 1.9. Vdi moi a,b eUta co: 

• \a + b\ \a\ + |6| 

• \a -b\ ^ \a\ + |6| 

• \a + b\ = \a\ + \b\oa.b^0 

• |a -6| = |a| + |6| o a.b ^ 0. 

1.2 Mot so van de can Cun y kjii giai bai toan ve 
bat £ang tfntc 

1.2 (Dit <toan dan *= ” ?(ay ra 

Trong chiing minh bat dang thiic, viec du doan dau “=” xay ra khi 
nao co y nghia rat quan trong. Trong mot so trifdng hop, viec du 
doan dau “=” xay ra giiip dinh hudng tim ldi giai. Thong thifdng, v6i 
cac bat dang thiic doi xiing ba bien thi dang thiic xay ra khi ba bien 
bang nhau, v6i cac bat dang thiic hoan vi thi dang thiic co khi hai 
bien bang nhau, v6i cac bat dang thiic co bien thuoc doan [a;P] thi 
dang thiic xa ra khi co mot bien bang a hoac p,--- 


Nguyen Tat Thu 
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6 Chuangl. MOT s6 VAN BE CO BAN VE BAT BANG THlfC 


Vidul.l 


Cho cac so thuc x,y,z> 0 thoa x + y + z ^ 3. Chiing minh rang 




Lbi gidi. Ta da doan dau “=” xay ra khi x = y = z - 1. 

3 

Khi x = 1 thi x 2 = 1 va -=■ = 3 nen ta ap dung bat dang thiic AM-GM 

x z 

cho 4 so ta dadc 

o 3 p 1 1 1 4 

X H-p-X H- y H-pH—p ^ —. 

X* X A X z X z X 


Tudngta 


Do do 


2 3 4 v 2 3 4 

y z + ^ - va z" 1 + -z ^ 

y y z z z 


- 2 4 + ^ 2+ 7 + f 2+ ^ 2 (^ + ^ + ^)>^ + “ +V 5- 


Mat khac ^ Oe + y + 2 ) ^ 3 nen ta co 


* 2 + | + f 2 V + f 2 + >f = 6<i P cm) - 


Vi (111 


u 1.2 j- 


Cho cac so thac khong am dai mot khac nhau. Chiing 
minh rang 

( 1 1 1 a 


(*-yr (y-«r (z-*) 2 , 


Nguyen Tat Thu 
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1.2. Mot so van de can luu y khi gidi bai toan ve bat dang thitc 7 

Ldi gidi. Vi x,y,z ^ 0 nen ta dtf doan dau “=” xay ra khi c6 mot so 
bang 0. Ta gia sd 2 = min{x,y,.z}, ta c6 

^ 11 . 11 

xy + yz + zx^xy; -^ ^ -s va -^ 

(y-zr y ( z-xY x 2 

Suy ra 


VT>xy\ 


(x-y ) 2 x 2 y 2 J * + ^_ 2 y x t-2 
y x 


y x 

Ta chdng minh 


t-2 


+ t'Z 4 o 1 + r - 2t^ At - 8 o r - 6* + 9 ^ 0 o (t - 3) z > 0. 


Bat dang thdc cuoi luon dung. Vay bai toan dtfdc chdng minh. 
Dang thdc xay ra khi z = 0 - + - = 3ox = —^—y, y > 0. 


Vidu 1.3 


Cho a,b,c> 0 thoa a + 46 + 9c = 6.Chdng minh rang 


a 3 + b 3 + c 3 ^ -. 

6 


Ldi gidi. Ap dung bat dang thdc Co si cho ba so thuc dudng ta c6 

a 3 + x 3 + x 3 ^ 3x 2 a hay a 3 + 2x 3 ^ 3x 2 a. 

Tvfdng tit: b 3 +2y 3 ^ 3y 2 6, c 3 + 2.z 3 ^ 3^ 2 c v6i x,y,z la cac s6 thrfc 
dildng. 

Cong ba bat dang thdc tren thed ve ta c6 drfdc: 

a 3 + b 3 + c 3 + 2(x 3 + y 3 + z 3 )>3(x*a + y*b + z*c). 

Ta chon x,y,z sao cho 


x = — = — =>x = k,y = 2k, z = 3k. 

4 9 


Nguyen Tat Thu 
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8 Chuangl. MOT s6 VAN BE CO BAN VE BAT DANG THlfC 
Ma 



1.2 tfuat chuan fioa 

• Bat dang thiic thuan nhat: Bat dang thiic ca dang 


(1) v6i a; eD . 


Btfdc goi la thuan nhat neu 

f(kai,ka, 2 ,••• -,ka n ) = f(ai,a, 2 ,-" -,««) v6i moi k eD. 

• Neu (1) la bat dang thiic thuan nhat thi ta co the gia sh g (a 1 , 02 , • • • .,a n ) 
0 v6i g(ai,a 2 ,- - - •,««) la mot bieu thiic thuan nhat. 



Cho cac so thiic dvfdng a,b,c. Chiing minh rang 

a(b + c) b(c + a) c{a + b) <6 

(6 + c) 2 + a 2 (c + a) 2 + b 2 (a + b ) 2 + c 2 ^ 5 

Lbi gidi. Khong mat tfnh teng quat, ta gia sii a + 6 + c = 3. Khi de, 
bat dang thiic can chiing minh tr6 thanh 


a (3 - a) 6(3-6) c(3-c) ^6 

(3 - a) 2 + a 2 + (3 - 6) 2 + 6 2 + (3 - c) 2 + c 2 ^ 5' 


Hay la 



( 1 ). 


Ta tim danh gia 


1 


< m(a - 1) + ^ 
5 


2a 2 - 6a + 9 


(2). 


Nguyen Tat Thu 
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1.2. Mot so van de can luu y khi giai bai toan ve bat dang thitc 9 


Ta tim m sao cho (2) dung v6i moi a e (0;3) va dang thufc xay ra khi 
a = 1 . Ta bien dai (2) nhu sau 

1 1 2a 2 - 6a + 4 

+ m(a-l))Oo ——— -- + 5m (a - 1)^0 


5 2a 2 - 6a + 9 


> (a -1) 


2a 2 - 6a + 9 

2(a -2) 

2a 2 - 6a + 9 4 


(3). 


Ta chon m sao cho phildng trinh ————+5 m = 0 co nghiem a - 1, 


hay la 


2a 2 - 6a + 9 

2 


Khi do (3) tUdng dudng v6i 
(a-1) 


a 2 +-Uoo(a-l)(2a 2 -a-l)>0o(a-l) 2 (2a + l)>0. 


\,2a 2 -6a + 9 5 

Bat dang thuc cudi hien nhien dung. Vay bai taan dvfdc chung minh. 


jvidu 1.5 j- 


Cho cac s6 thuc a,b,c. Chung minh rang 

6(a + b + c)(a 2 + b 2 + c 2 ) ^ 21abc + 10\J [a 2 + b 2 + c 2 ) 3 . 


Ldi gidi. Khong mat tinh tdng quat, ta gia svf a 2 + b 2 + c 2 = 9 va 
|a|^|6|^|c| . Khi dd , bat dang thuc can chung minh tr6 thanh 

2(a + b + c) ^ abc + 10 o 2(a + b + c) - abc ^ 10. 

Ap dung bat dang thiic Cauchy - Schwarz ta c6 

2(a + 6 + c)-a6c = a(2- 6c)+ 2(6 + c) ^ y f [a 2 + (b + c) 2 ]. [(2- be) 2 + 4] 

= ^(9 + 2 be) [b 2 c 2 - Abc + 8). 


Nguyen Tat Thu 
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10 Chuongl. MOT SO VAN BE CO BAN VE BAT DANG THlfC 


Ta chufng minh 

(9 + 2 be) (6 2 c 2 - 4be + 8) ^ 100 o 2(6c) 3 + (6c) 2 - 206c - 28 ^ 0 
o (26c - 7) ((6c) 2 + 4(6c) + 4) ^ 0 o (26c - 7)(6c + 2) 2 ^ 0 (4). 

Vi 

9 = a 2 + 6 2 + c 2 ^ 3a 2 => a 2 ^ 3 => 6 2 + c 2 ^ 6. 

Suy ra26c-7^6 2 + c 2 -7<-l<0 nen (4) dung. Vay bai toan dude 
chung minh. ■ 

p [vidu 1.6 ] 

Cho cac so thuc dildng a,b,c thoa abc = 1. Chung minh rang 

— - — + —-— + — - — sc 1. 

o+6+l 6+c+l c+o+1 


Ldi gidi. Ta viet lai bat dang thuc can chung minh nhu sau 
1 t 1 | 1 < 1 
a + 6 + \/abc b + c+Vabc c + a + v / a6c Vabc 

Hay la 

1 + 1 + 1 < 1 

x 3 + y 3 + xyz y 3 + z 3 + xyz z 3 + x 3 + xyz "" xyz 

V6i x = y/a, y = \/b, z = y/c. Ta co 

x 3 + y 3 ^ xy(x + y) => x 3 + y 3 + xyz ^ xy (x + y + z) 


Do do 

Tudng tU: 


1 

x 3 + y 3 + xyz 




1 z 
xyz' x + y + z' 


y 6 +z 6 + xyz xyz x + y + z z 6 +x 6 + xyz 

Cong ba bat dang thuc tren ta co dpem. 


Nguyen Tat Thu 
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1.2. Mot so van de can luu y khi giai bai toan ve bat dang thitc 11 

p jvidu 1.7] - 

Cho x,y,z >0vax + }' + 2 = l. Chiing minh rang : 

x 2 + y 2 + z 2 >3(x 2 y + y 2 z + z 2 x). 

Lbi gidi. Ta bien doi bat dang thiic can chiing minh nhu sau 

[x 2 + y 2 + z 2 )(x + y + z)^3[x 2 y + y 2 z + z 2 x] 

Hay 

x 3 + y 3 + z 3 + x 2 z + y 2 x + z 2 y ^ 2 [x 2 y + y 2 z + z 2 x) (5). 

Ap dung bat dang thrice AM-GM ta c6 

x 3 + xy 2 ^ 2 x 2 y; y 3 + yz 2 ^ 2 y 2 z va z 3 + zx 2 ^ 2z 2 x. 

Cong ba bat dang thrice tren ta c6 bat dang thuc (5). Vay bai toan 
dude chiing minh. ■ 


1.2 (Bai tap 

Bai tap 1.1. Cho a,b,c> O.Chiing minh: 

abc(a + b+ c) + (a 2 + b 2 + c 2 f ^ 4\/ 3 (a 2 + b 2 + c 2 )abc. 

Bai tap 1.2. Cho a,b,c> 0. Chiing minh rang: 

(a + b + c) 2 + 1 ( a 3 + b 3 + c 3 _ a 2 + b 2 + c 2 \ > ^ 
a 2 + b 2 + c 2 2y abc ab + bc + ca 

Bai tap 1.3. Cho cac so thuc duong a,b,c. Chiing minh rang 

7(a + b + c)(ab + bc + ca) ^ 9 abc + 2(q + b + c) 3 . 


Bai tap 1.4. Cho cac so thuc duong a,b,c thoa man a + b + c = 1. 
Chiing minh rang 


a 2 b 2 c 2 2 7 2 

——l-1-3(a + b + c ). 


Nguyen Tat Thu 
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12 Chuangl. MOT s6 VAN BE CO BAN VE BAT BANG THlfC 

Bai tap 1.5. Cho cac so thtfc dlfdng thoa man Va?+ Vb^+ = 3. 

Chiing minh rang 

a 2 + b 2 + c 2 ^ fyaJ + W + V?. 

13 3itic/ng dan, dag so 


Nguyen Tat Thu 
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CfuMng 2 

CAC ‘BWTDAotg TMltC CO DTE9{, 


2.1 (Bat dang tfutc 

Bat dang thiic AM - GM la bat dang thiic c6 dien dvfdc sii dung 

nhieu trong cac bai toan chiing minh bat dang thiic. Ta biet trung 

1.1 ~ / ai + a2 + '"+a n . 

bmh cong cua aiso thiic ai,a2,-" ,a n la so -va trung 

n 

binh nhan cua n so do la tya\a 2 ---a n (v6i dieu kien la tyaia, 2 ---a n 
ton tai). Bat dang thiic AM - GM cho chiing ta danh gia giufa trung 
binh cong cua cac so thiic khong am va trung binh nhan cua chiing. 
Cu the nhu sau: 


2.1 (Bat dang tfutc 


Dinh li 2.1. (BDT AM-GM) Cho n so thitc khong dm a i, < 22 , •••, a n . 
ta co 

a i + <22 + — + a n 


^ \Ja\ -a 2 ---a n 


dang thiic xay ra khi a\ = <22 = • • • = a n . 


Chiing minh. Co nhieu each de chiing minh bat dang thiic AM - 
GM, difdi day ta se chiing minh bat dang thiic AM-GM bang phudng 
phap quy nap. 

Trade het ta chiing minh bat dang thiic AM - GM cho trUdng hop 
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Chuang 2. CAC BAT BANG THlJC CO DIEN 


i = 2 . Tiic la, can chiing minh 


Bat dang thiic nay tUcfng dUdng v6i 

ai+ci2 ^ 2\/aia2 o (\/ai - v^) 2 ^ 0 

Bat dang thiic cuci hien nhien dung. Bang thiic xay ra khi a \ = a, 2 . 
Tiep thee ta chiing minh cho trUdng hdp n = 4. Tiic la can chiing 
minh 


- ^ \Ja\.a2.a2,.ay 


Ap dung trUdng hdp n = 2 ta c6 


a\ + ci2 0,3 + 014 

a\ + a 2 + «3 + a 4 _ 2 + 2 - 

4 “ 2 


- ^ \Ja\CL 2 Ci?,CL 4 


Nen trUdng hdp n = 4 dude chiing minh. 

Tiep den ta chiing minh trUdng hdp n = 3, the la chiing minh 


Bat a 4 = ai + < ^ 2 + a3 . Ap dung cho trUdng hdp n = 4 ta c6 


O4 + 02 + O3 + O4 


^ \Zai.ci2.(13.(14 


0 \ + 

*' 3 


Nguyen Tat Thu 



2.1. Bat dang thitc AM-GM 
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Suy ra 


a\+a 2 + 


^ v 7 a1.a2.a3 


(dpcm). Be chiing minh cho trUdng hdp tong quat ta chiing minh 
theo hai bil6c sau: 

Bu6c 1: Ta chiing minh bat dang thiic dung v6i n-2 m 
+) V6i m = 1, ta co n = 2nen bat dang thiic dung v6i m = 1 
+) Gia sii bat dang thiic dung v6i n = 2 m ~ 1 , ta chiing minh bat dang 
thiic dung v6i n = 2 m . 

Tiic la 


a 1 + a2 + • • • + + ■ ■ ■ + a n 


^ tya 1 a2---a n (1) 


Theo gia thiet quy nap ta co 


2 ™ s /a 1 a2---a 2 m-i,y ^ 2m sja 2 m-i +1 ■ ■ -a n 

Ap dung cho trUdng hdp n = 2 ta co: 


x + y 


>Vxy 


Hay 


a 1 + 02 + • • • + a 2 m-i + a 2 m.-i + \ + — + a n 


^ 2n ^/a\a2---a n 


Hay (1) difOc chiing minh. 

Bvtfdc 2: Ta chiing minh neu bat dang thiic dung v6i n^2 thi cung 
dung v6i n-l 
Gai sd 

Ol + Ct2 + '■ ' + Ctrl 


- ^ \/a\a2---a n 


Ta chiing minh 


0l+02 + ''' + ®tt-l 


^ n \/ a\.a2---a n -i 


Nguyen Tat Thu 
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16_ Chuong 2. CAC BAT BANG THlfC CO BIEN 


That vay: Bat a n - 
cho n so ta co 


CL 1 + Cl 2 + — + CL n -\ 


Cl 1 + CL2 + • • • + <X n 


. AP dung bat dang thuc Co si 


^ s/a\a 2 ---a n 


Hay 


<x i + a 2 + •••+- 


Ol + ®2 + '''+<2/z-l 


: \Ja\a 2 ---a n -\. - 


01 + 02 + — + O ra _i 


Suy ra 


0l+02 + -- - + 0 re _l 


^ ” v / ai.02---a n _i 


n- 1 

(dpcm). Tii hai bu6c tren ta co bat dang thuc AM - GM dude chung 
minh. □ 


2.1 Cat fie qua 

Cho cac so thuc duong a\,a, 2 ,--- ,a n . Ta co 

11 1 n 2 

-1-1- • • • H-is - 

Oi 02 a n Oi + 02 H—-+o ra 

Bang thdc xay ra khi oi = 02 = • • • = a n . 


2.1 Cac vi du 

— | Vi du 2.l) - 

Cho a,b,c> 0 thoa a 2 + b 2 + c 2 = 3. Chiing minh rang 
o 5 + 6 5 + c 5 ^3. 

Lbi gidi. Ap dung bat dang thuc AM-GM ta co 

af + af +1 +1 +1 ^ 3o 2 hay 2o^ + 3 ^ 3o 2 . 

Tuong tU 

Nguyen Tat Thu 



















2.1. Bat dang thitc AM-GM 
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2b 5 + 3 ^ 3b 2 va 2c 5 + 3 ^ 3c 2 . 

Cong ba bat dang thiic tren ta co dpcm. ■ 

Nhan xet 1. Ta co bai toan tong quat nhit sau Cho a,b,c> 0 thoa 
man a + b + c = 3 (hoac abc = 1) va m, n e N, m ^ n. Khi do 

a m + b m + c m ^ a n + b n + c 11 (1). 

Bat dang thuc (1) con dung khi m,n la cac so hitu ti ditong. Va ta co 
the tong quat 3 bien thanh k bien. 

p |vi du 2.21 

Cho a,b,c> 0 thoa ab + be + ca = 3. Chiing minh rang 

3 . l3 , 3 q 

a + b + c ^ 6 . 


Lbi gidi. Ap dung bat dang thuc AM-GM ta co 
a 3 + b 3 + 1^3ab 
b 3 + c 3 + 1^3bc 

c 3 + a 3 +1 > 3ca. Cong ba bat dang thde tren ta co dpcm. ■ 

p- jvi du 2.31 - 

Cho cac so thuc duong a,b,c. Chung minh rang 

a 4 b 4 c 4 >a + b + c 

b 2 (c + a) + c 2 (a + b) + a 2 (b + c) ^ 2 


Lbi gidi. Ap dung bat dang thuc AM-GM ta co 

a 4 b b c + a 
bH^a) + 2 + 2 + — >2 “ 


hay 


a 4 c + a 

b 2 (c + a) + + 4 


^ 2 a. 


Tudng tu, ta cung co 

Nguyen Tat Thu 
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Chuong 2. CAC BAT BANG THlfC CO DIEN 


b 4 a + b n7 v c 4 

-5-+ c +-^ 2 b va —s - 

c 2 (a + b) 4 a 2 (b + c) 


b+c 

+ a + - ^ 2c. 

4 


Cong ba bat dang thiic tren theo ve ta c6 dpcm. 



, b + c 6 + c „ 3 (b + c) 

a, + b + c — ct-\ -1-3 1 / a -. 

2 2 V 4 


2 a 'j 2 > 3a 


V& + cj a + b + c' 

Chiing minh tildng tu, ta cung c6 


- va 


\c + a) a + b + c y\a + b) a + b + c' 

Cong ba bat dang thiic tren theo ve ta c6 dpcm. 


Vi du 2.5 


(BDT AM-GM suy rong) Cho aj ^ 0 (i = 1 ,n) va cac so hiiu ti 

dildng ai th6a man £ a t = 1. Chiing minh rang: 

i=l 

a&i ^ a" 1 .a^ 2 ■ ■ ■ a" n . 


Nguyen Tat Thu 




























2.1. Bat dang thiic AM-GM 
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Ldi gidi. Vi a* la cac so hiiu ti diidng va £ a* = 1 nen ton tai cac 

i=1 

so nguyen diidng N,k,k n sao cho a i = jj- Ap dung bat dang 
thiic AM-GM cho N so, ta co 

fli + ai + — + ai + — + a n + a n + — + a n 

Z k± so 

aval =- 


k n so 


k\ k n 

AT N_ «1 


i=1 


N 


Bat dang thiic dildc chiing minh. 

|vi du 2.61 - 

Cho cac so thitc diidng ai,a 2 , • • • ,a n . Chiing minh rang 
(l + ai)(l + a 2 )'"(l + a n )^ (1+ tya\.a 2 •••a n ) n . 


Ldi gidi. Bat dang thiic can chiing minh tildng diidng v6i 

1 , J aw-an (1) 

(/(l + ai)(l + 02 )---(1 +a n ) V (l + ai)(l + a2)"*(l + fl/i) 

Ap dung bat dang thdc AM-GM ta c6 

vruKix;-5- + ix;-^ = i. 

nfr{l + ai n£r[l + ai 

Bai tdan dildc chiing minh. ■ 


Vi du 2.7 


Chd a,b,c> 0. Chiing minh rang 

+ — C — ^ - (Bat dang thiic Nesbit). 
b+c c+a a+b 2 


Ldi gidi. Bat dang thiic can chiing minh tildng dudng v6i 


vfo + c 

Nguyen Tat Thu 


+i) + (- 6 -*i)+(^ T+ ib? 

' lc + a ) v a + 6 > 2 
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Hay 


(a + b + c)\ 


'-U 

K a + b b + c c + a) 2 


( 1 ). 


Ta co 


1 1 1 > _9_ 9 

a + b b + c c + a^ a + b + b + c + c + a 2 (a + b + c) 


Nen (1) dung. ■ 

pjvi du 2.81 


Cho cac so thtfc dildng a,b,c thaa a + b + c = 1. Chiing minh 
rang 

1111 

-9 “ l -r + 7 - 1 -^ 30. 

cr + o^ + c^ ab be ca 


Ldi gidi. Ta co: 

ab + bc + ca ^ 


(a + b + c) 1 

~~3 “3 

9 


ab be ca ab + bc + ca 

111 


9 


a 2 + b 2 + c 2 ab + bc + ca ab + bc + ca'' (a + b + c) 2 
Do do 

VT ^---+--- 

a 2 + b 2 + c 2 ab + bc + ca 

117 


1 + 1 + 1 + 7 >9+ ? -30 

a 2 + b 2 + c 2 ab + bc + ca ab + bc + ca ab + bc + ca ^ 1 


Ta co dieu phai chung minh. 


|— | Vi du 2.91 - 

Cho cac so thtfc dildng x,y,z th6a man : xy + yz + zx = 3.Chdng 
minh rang: 

l_j, 3 . 

xyz (x + y )(y + z)(z + x) 2 


Nguyen Tat Thu 
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Ldi gidi. Ta c6: 


\/xyz(x + y)(y + z)(z + x)^ 


Suy ra 


Do do 


x(y + z) + y(z + x) + z(x + y) 


xyz 


(*+y)(y+*)(*+*) 2 


xyz 2 2xyz 2 2xyz 2 2 


Bai toan dude Chang minh. 


\ Vi du 2.10 


Cho cac so thuc dildng a,b,c thoa a + b + c = 3. Chhng minh 
rang 


ab 


be 


v 42 + 3 Vct? + 3 2' 


Ldi gidi. Ta c6 

3 (a& + 6c + ca) ^ (a + 6 + c) 2 = 9 => ab + bc + ca ^3 

Suy ra 

1 ^ 1 1 1 ■ 1 1 
Vc 2 + 3 v / c 2 + a6 + 6c + ca \/(a + c)(6 + c) 2\,a + c b + c, 
Do do: 


Tuong tU: 

be 1 (be be \ ^ ca 1 t ca ca \ 

—< —- 1 -va —< -- 1 - 

Va 2 + 3 2 [a + b a + b) Vb 2 + 3 2 'b + a b + c> 

Cong ba bat dang thiic tren theo ve ta c6: 

ab be ca 1 3 

, + , + , ^ - (a + b + c) = -. 

Vc 2 + 3 Va 2 + 3 V6 2 + 3 2 2 


a& 1 ! ab ab 

-^ — I-I- 

^2 + 3 2 ya + c 6 + c 


Nguyen Tat Thu 
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p- |vi du 2.111 - 

(IMO 2001) Cho cac so thuc dildng a,b,c. Chiing minh rang 

a 2 b 2 c 2 ^ 1 

Va 2 + 8bc Vb 2 + 8ca Vc 2 + 8 ab 


Ldi gidi. Goi P la ve trai cua bat dang thiic can chiing minh. Khong 
mat tmh tong quat, ta gia svfa + 6 + c = l. 

Ap dung bat dang thiic AM-GM ta c6 : 


a 

Va 2 + 8 be 


- +a (a 2 + 8be] ^ 3 a 
Va 2 + 8bc 


2 a 

Va 2 + 8bc 


+a(a 2 + 86c) ^ 3a. 


Tildng tu : 


+ b [h 2 + 8ca) >3 h ; — + c [c 2 + 8 ab) > 3 c 


Vb 2 + 8ca ’ Vc 2 + 8ab 

Cong ba bat dang thiic tren lai v6i nhau ta dildc 


2 P + a 3 + b 3 + c 3 + 24 abc ^ 3 


Mat khac ta lai ca : 

1 = (a + 6 + c) 3 = a 3 + 6 3 + c 3 + 3(a + &)(& + c)(c + a) ^ a 3 + 6 3 + c 3 + 24a6c. 


Suy ra: 

2P ^ 3 - (a 3 + b 3 + c 3 + 24a6c) ^3-l = 2=>P^l dpem. 


Nguyen Tat Thu 
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Vidu 2.12 


(IMO 2005) Cho cac so thtfc dtfdng x,y,z thaa xyz ^ 1. Chdng 
minh rang 


x^ + y^ + z* y° + z z + x z z° + x z + y z 


Lbi gidi. Bat dang thric can chdng minh ttfdng dtfdng v6i 


* 5 -z 2 

r 2 + v 2 ' 


X 5 -X 2 

x 5 + y 2 + z 2 y 5 + z 2 + x 2 z° + x z + y z 

1 1 




+ y 2 + z 2 y 5 + z 2 + x 2 z 5 +x 2 +y 2 


^3 ( 1 ). 


5 2 2 2 2 ^ 2x 4 + [y 2 + z 2 f 2 (x 2 + y 2 + z 2 f 

x 5 + y 2 + z 2 ^— + y 2 + z 2 > - 1 >o-~ - 2 2 ' 

yz y z + z z 3 y z + z z 


Dd da 


,3 y 2 + 2 2 


x 5 +y 2 +z 2 ^ 2( x 2 + y 2 + z 2 ^ 

Chdng minh ttfdng ttf 


„ 3 z* + x z 


„ 3 * 2 + y 2 


y 5 + z 2 + x 2 ^ 2 ( x 2 + y2 + z 2 j 2 Z 5 + x 2 + y 2 "" 2 x 2 + y 2 + z 2 

Suy ra 

1 1 1^3 

x 5 + y 2 + z 2 + y 5 + z 2 + x 2 + z 5 + x 2 + y 2 ^x 2 + y 2 + z 2 

Hay (1) dung. 


Nguyen Tat Thu 
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Vi du 2.13 


(IMO Shortlist 2009) Cho cac so thuc duong a,b,c thoa ab 4 
be + ca ^ 3 abc. Chdng minh rang 


a * 2 + b 2 b 2 + c 2 c 2 +a 2 /-( , - - ':M - ,-\ 

- - - b\ — - b\ -h3 ^ v2(Va4-&4-V&4-C4-\/c4-CM. 

a + b V b + c V c + a ' ’ 


Ldi gidi. Ta c6 


V a + b V v a + b a + b) V a + & V a 


2ab 

~+b' 


Suy ra 


VP^\ 


2 ab 2 be 2 ca a 2 + b 2 b 2 + 


e 2 e 2 +a 2 


/ a + b b + c c + a V a + b V b + c V c + a 

Mat khac ap dung bat dang thuc 


(^ 2+^2 +^Y x + y + zf>27 


ta suy ra 


Do do 


x + y + z ^3\/3 


\ 


.2 v 2 ~2 



Td do, ta co dpem. 


Nguyen Tat Thu 
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p- |vi du 2.141 

(IMO 2012) Cho cac so thuc dudng a 2 ,a 3 ,---.,a„. thaa man 
0203 ■ ■ ■ ,a n = 1 . Chiing minh rang 

(1 + a 2 ) 2 (l + a 3 ) 3 •••.(! + a n ) n > n n . 


Ldi gidi. Ap dung bat dang thuc AM-GM ta co 
11 1 


(1 + a k )« = 


7+ a k\ 


k k ak 
(k - l) k - 


Suy ra 

2 2 33 ^4 n n 

(l + a 2 ) 2 .(l + a3) 3 -”(l + a«) n ^ '" 7-—aia 2 • • -a n = n n . 

I 1 2 Z S ' 3 (n-l) n 

Ta thay khang co dang thuc xay ra. Vay bai toan dude chung minh. 


(Moldova TST 2014) Cho cac so thuc duong a,b,c thoa man 
abc = 1. Chung minh rang 


ab 

a 2 + b 2 


be ca 9 
6 2 + c 2 + c 2 + o 2 ^2' 


Ldi gidi. Bat dang thuc can chung minh tUdng dudng v6i 

t q q q-. 2 ab 2bc 2co 

2 o 3 + 6 3 + c 3 + L o + t~o -o + -o-9^9 

a 2 + 6 2 6 2 + c 2 c 2 + a 2 

Ta co x 3 + y 3 ^ x 2 y + y 2 x v6i moi x, y > 0 nen 

3,-3, 3 ^ c(o 2 + 6 2 ) b (c 2 + a 2 ) a (6 2 + c 2 ) 


Suy ra 


vrm>f C ^ 2 + ^ I 2o6 ] [ 6(c 2 + q 2 ) 26c \ ( a{b 2 + c 2 ) 

2 o 2 + 6 2 j ( 2 6 2 + c 2 j [ 2 

Bai toan dude chung minh. 


( 1 ). 


2 ca ^ 
c 2 + a 2 ) 


+3 abc 


Nguyen Tat Thu 
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p jvidu 2 . 16 ] 

Cho cac so thyc drfdng a,b,c. Chiing minh rang 

a 3 b 3 c 3 a + b + c 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 ^ 2 


Ldi gidi. Ta co 

a 3 a[a 2 + b 2 )-ab 2 ab 2 ^ b 

^Tb 2 =a ~^ 2 Tb 2>a ~ 2' 

Taong ty 


Cong cac bat dang thiic tren theo ve ta co dpcm. 


Cho cac so thyc a, b, c thoa abc <0vaa + 6 + c = 0. Chiing minh 
rang: 


1 

b 


(1 -ab-bc-ca) + 


12abc-8 
ab + bc + ca 


^ 16. 


Ldi gidi. Goi P la ve trai cua bat dang thiic. 

Bat m = -( ab + bc + ca),n = -abc 

Doa + 6 + c = 0=> 2 (ab + bc + ca) = - (a 2 + b 2 + c 2 ) < 0 => m,n > 0 
Khi do: 

„ m(l + m) 12ai + 8 

P = -+- 

n m 

Ap dung bat dang thiic Co sita co: 

m 3 + 8 n 2 + 8n ^ 12 mn va m 2 + An 2 ^ 4 mn 


Nguyen Tat Thu 
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Suy ra 


m 3 + m 2 + 12 n 2 + 8n ^ 16 mn 


p _ m( 1 + m) + 12a. + 8 > 
n m ^ 

Dang thiic xay ra khi va chi khi m = 2,n-l, tiic la a,h,c la ba nghiem 
cua phifdng trinh 


x 6 -2x + l = 0o(x-l)(x 2 + x-l) = Oox=l,x = 


-l ±\/5 


2.1 (Bdi tap 

Bai tap 2.1. Cho cac so thtfc dtfdng a,b,c. Chiing minh rang 

r _ \3 

1 . (l + a)(l + 6 )(l + c) ^ 11 + va 6 cl . Hay tong quat hoa len n bien 
va chiing minh. 

a + b + c\ 


2 K)K)KM 1+ - 


Vabc ) 

Lbi gidi. 1. Bat dang thiic can chiing minh tiidng difdng v6i 


1.1.1 


(l + o)(l + 6 )(l + c) \ (l+a)(l + b)a + c) 


abc 


< 1 . 


Bat: 


m lfo + 1 6 + 1 c + 11 1 „ 

T ^ - -+-+- --.3 = 1 

3 [ 1 + a 1 + 6 1 + cJ 3 

Dau dang thiic xay ra khi a = 6 = c ^ 0. 


\l 1 A .1 ! 3 1 

abc 

V (l + a)(l + 6 )(l + c) ' V 

(l + a)(l + 6 )(l + c) 

r 1 1 1 1 1 

[a 6 cl 

[l + o 1 + 6 1 + cJ 3 

[ 1 + a 1 + 6 1 + cJ 


Nguyen Tat Thu 
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2 . 

■ 

Bai tap 2.2. Cho cac so thtfc a,b,c thoa man a + b + c = 1 . Chiing 
minh rang 

(l + a)(l + &)(l + c)^64a6c. 

Bai tap 2.3. Cho 2 n so thtfc du! 0 ngai,a 2 ,-" .,a n , 61 , 62 ,••• ,b n . Chiing 
minh rang 

V( a i + bi)(ct2 + b2)• • • (a n + b n ) ^ \/a\a2---a n + \Jb\b2---b n . 

Bai tap 2.4. Cho 3a sothrfcdtfdngai^,--- ,a re ; 61 , 62 ,b n ; ci,C 2 ,--- ,c n . 
Chiing minh rang 

(n^+nfei+nci) <nK + 6?+o 

Bai tap 2.5. Cho cac so thtfc dildng a,b,c. Chiing minh rang 
(a + b + c) 3 ^ a 3 + 6 3 + c 3 + 24a6c. 

Bai tap 2.6. Cho n so thrfc dtfdng ai,a 2 ,--- ,a n va so nguyen dtfdng 
k. Chiing minh rang 

a|+^ + - + a^/ai + a 2 + - + a„| s 
n ^ V n > 

Bai tap 2.7. Cho a,b,c> 0 . Chiing minh rang 

1 1 1 > 1 1 1 

a + 36 6 + 3c c + 3a a + 2 b + c 6 + 2c + a c + 2a + 6 

Bai tap 2.8. Cho a,b,c> 0 . Chiing minh rang 

1 1 1 > 27 

6 (a+ 6) c(6 + c) a(c + a) ^ 2(a + 6 + c) 2 

Bai tap 2.9. Cho a,6 ,c > 0 thoa man dieu kien a 3 6 3 + 6 3 c 3 + c 3 a 3 = 3. 
Chiing minh rang: 

a 7 + 6 7 + c 7 ^3. 


Nguyen Tat Thu 
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Bai tap 2.10. Cho a,b,c> 0. Chiing minh rang 
: + 2M 4 (6 + 2c) 4 (c 

3 J + i 3 J + ( 3 j • 

Bai tap 2.11. Cho cac so thuc drfdng a,b,c. Chiing minh rang 

a b c 

- — H- — H- — ^ 1. 

a + Via + b)(a + c) b + V(b + c)(6 + a) c + \/(c + a)(c + 6) 

Bai tap 2.12. (Baltic Way 2014) Cho cac so thtfc dtfdng a,b,c thoa 
- + - + - = 3. Chiing minh rang 


HD:I- 


da 3 + b Vb 3 + c Vc 3 + a \f2 
1 


s/a 3 + b 






2 Va*b V 2 Vvai b 4v/2 U b) sft 


Bai tap 2.13. (USA 2011) V6i a,b,c la cac so thtfc dtfdng thoa a 2 + 
b 2 + c 2 + (a + b + c) 2 ^ 4, chiing minh rang 

ab + 1 bc + 1 ca + 1 


HD: Ta c 6 ab+1 ^ 


_ > 3 

(i a + b ) 2 ( b + c ) 2 ( c + a ) 2 ^ 

2ab + a 2 + b 2 + c 2 + ab + 6c + co {a + 6)^ + (c + o)(c + 6) 


2 


Bai tap 2.14. Cho cac so thtfc difdng a,b,c thoa abc = 1 . Chiing 
minh rang 


- + 6^3(a + 6 + c). 


HD: Bai toan nay co the chiing minh bang each sii dung danh 
gia sau: 

2 ^ a + b 


Nguyen Tat Thu 
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. . a 2 + b 2 2a b 

Chu y rang:-— = a + b -- 

a,+ o , a + b 

Nhu vay ta phai chung mmh: 

\ ab + be + ca 
[a+b b+c c+a 

Ap dung bat dang thiic AM-GM v6i abc = l,ta co ngay: 

2 ab a + b 2 be b+c 2ca c + a „ 

-r + —j-+ —— 41-+ —— > 6 

a+b 2 b+c 2 c+a 2 

Vay ta co lieu phai chiing minh.Bang thiic xay ra khi a = b = c = 1. 

Bai tap 2.15. Cho cac so thuc dudng a,b,c thoa man abc = 1. Chiing 
minh bat dang thiic: 

1 1 11 

- + - + - ^ . 

Va 2 +2b 2 + 15 Vb 2 + 2c 2 + 15 Vc 2 + 2 a 2 + 15 V2 

Bai tap 2.16. Cho cac so thuc dUOng x,y. Chiing minh rang 


+a+6+c^6 


[Vx+^/y] 


1 




^ 2 . 


Bai tap 2.17. (JBMO 2014) Cho cac so thuc dUOng a, b, c thoa man 
abc = 1. Chiing minh rang 


Ldi gidi. Ta co 

EK)%LK)K) = E^ZrZ^3. 


Ap dung Z^ = Z«va£a6 + £“^ 2 £a. ta co dpem. 
Cach 2: Ta co 


a 2 + ^ 3i a 2 • —^ • - 



= 3a. 


Nguyen Tat Thu 
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Tvfdng ti i 


Ket hdp v6i 


b 2 + \ + -^3b, 

c A a 


9 1 a. „ 

c H—^ ^ 3c. 

a 2 b 


a b c a a b c 

T + - + -> 3\t -= 3 . 

b c a V b c a 

ta c6 dpcm. ■ 

Bai tap 2.18. Cho cac so thuc duPng a, b thoa man ab ^ 1. Chufng 
minh rang 

(° + 2,, + JTi)( (, + 2o + 6Tt) >16 ' 

2 

Lbi gidi. Ta co b + 2a + --^ § + § a nen 

b + 1 2 2 

[ a + 2b + ^i)( b + 2a + b^i) > (l + l a )[l + l b ) 

va 

(5 3 |(5 3 | 25 15 7 9 7 ^ _ 

—l —a —l —b —-1- (a + b) H —ab ^ 16 

v2 2 j v2 2 j 4 4 4 

nen ta co dpcm. ■ 

Bai tap 2.19. Cho cac so thuc dvfdng a,b,c thoa: 


/a 2 + b 2 + V6 2 + c 2 + vc 2 + a 2 


V 2 


Chhng minh rang: 


a 2 6 2 c 2 3 
b + c c+a a + b ^ 2' 


Bai tap 2.20. (IMO Shortlist 2009) Cho cac so thtfc dtfdng a,b,c 

thoa a + b + c = — + — + -. Chiing minh rang 
a b c 

1 1 13 


(2 a + b + c) 2 (26 + c + a) 2 (2c + a + bf 16' 

Nguyen Tat Thu 
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Bai tap 2.21. Cho cac so thuc dudng a,h,c. Tim gia tri nho nhat 
cua bieu thrice 

p = \/(l + (I + 7T^) + \/(l + (I + ^T&) + \/(l + (I + FT^)’ 

Bai tap 2.22. Cho a,b,c la cac so thuc dudng thoa man: 


Chung minh rang gia tri nho nhat cua bieu thiic: 

„ a 3 b 3 c 3 


' b 2 + i 


,2 r 2 +a 2 a 2 + b 2 


bang ——, trong do m la nghiem cua phuong trinh t 3 + 54 1 -162 = 0. 
2 v2 

Bai tap 2.23. (VN TST 2010) Cho cac so thuc dudng a,b,c thoa 

man 16(a + b + c) ^ - + — + Chdng minh rang 
a b c 

1 1 18 

^ 9' 


(a + b + VZtaTcj) (& + c + >/2(6 + a>) [c + a+C 2(c + 6))‘ 

Bai tap 2.24. (USA TST 2010) Cho cac so thuc dudng a,b,c thoa 
man abc = 1. Chung minh rang 


a 5 (b + 2c) 2 bHc + 2a) 2 c 5 (a + 2b) 2 " 3' 


2.2 (Bat dang thitc Cauchy-Schzuarz 

2.2 (Bat dang tfitic Cauchy-Schzuarz dang da thtic 
Dinh li 2.2. Cho 2n so thuc a\,a 2 ,--- ,a n ,b\,b 2 ,--- ,b n . Khi do, ta co 
(o 3 + <^2 + • • • + a 3 ) [b\ + &2 + ■ ■ ■ + ^ (ex 1 1 + < 22^2 + • • • + a n b n ) 3 . 

Dang thitc xay ra khi ai = kbi vdi moi i = 1,2,••• ,n. 

Nguyen Tat Thu 
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Chitng minh. Neu at = 0 Vi = l,n thi bat dang thufc hien nhien 
dung. 

Neu L af > 0 , ta xet tam thufc 

i =1 




Ta co 


Do do 


f(x)=J^(aix-bi) 2 ^ VxeIR 


A' = 




Hay bat dang thufc dupe chiing minh. 

Dang thufc xay ra khi aix - 6 ; = 0 o a; = k.bi. 


□ 


2.2 Bat dang tfitic Cauchy-Scfnuarz dang phan thtic 

Dinh li 2.3. Cho cac n so thitc a\,a 2 ,---a n va n so thitc ditong 61 , 62 , ••• ,b n . 
Khi do, ta co 

a i a l , > (a 1 + a 2 + - + a fl ) 2 

61 6 2 b n 6 i + 6 2 h vb n 

Dang thitc xay ra khi va chi khi ^ ^ = • • • = °^ L . 

61 62 b n 


Chitng minh. Ap dung bat dang thufc Cauchy-Schwarz dang da 
thufc ta co 





Hay 


a ^ ^ (ai + a 2 + • • • + a n ) 2 
b n ' 6 i + 62 + --- + 6 „ 


(dpcm). 


□ 


Nguyen Tat Thu 
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2.2 Cac vt du 


Vi du 2.18 


(Bat dang thufc Mincopski) Cho cac 2 n so thifc 
ai,a 2 ,••• ,ctn,bi,b 2 ,--- ,bn■ Chufng minh rang 


yj + — + 0,n + \jb\ + & 2 b\ + &i) 2 + ( 0,2 + &2) 2 + — "+ (O/i + b n ) 2 , 


Ldi gidi. Binh phiidng hai ve va rut gen, ta c6 

\J ( ct 2 + (*2 + • • • + 0 2 ) {b\ b^ + • • • + & 2 ) ^ (ct 1 1 + 0262 + ■ ■ ■ + ct n bn)• 

Bay chinh la bat dang thufc Cauchy-Schwarz dang da thufc. Bang 
thufc xay ra khi at = kbt. ■ 


Cho cac so thuc dufdng a,b,c. Chufng minh rang 

(a 2 + l) ( b 2 + l) (c 2 + l) ^ (a + b)(b + c)(c + a). 


jvi du 2.19 j 


Ldi gidi. Ap dung bat dang thufc Cauchy - Schwarz ta ca 
[a 2 + 1) [b 2 + 1) = [a 2 + 1) (1 + b 2 ) > (a + bf. 

Tiidng ttf, ta cung co 

( 1 b 2 + 1) (c 2 + 1) ^ (6 + c) 2 , (c 2 + 1) [a 2 + 1) ^ (a + c) 2 . 

Nhan ba bat dang thufc tren thed ve ta dude 

[a 2 + 1) [b 2 + 1) (c 2 + 1) ^ (a + b)(b + c)(c + a). 

Bang thufc xay ra khi a = b = c = 1. ■ 


Nguyen Tat Thu 
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Vidu 2.20 


Cho a,b,c> 0 thoa man a+b+c- 1. Chufng minh rang 


« 2 + P + a /& 2 + 4 + Jc 2 + 4 ^ v ^2 


Lbi gidi. Ap dung bat dang thuc Cauchy - Schwarz ta co 




hay 




Tuong tu, ta cung co 


W + » (‘ 5) v , c2 + i,« sy 

c 2 \/82 v3 cj V « \/82 v3 a) 


Cong ba bat dang thuc theo ve ta co 


„ 1 Lo 1 / 9 1 3 fa + 6 + c n (l 1 IV 

“ + P + V 6 + ? + V e + S 5&? :v§5 l 3 +3 (a + 6 + c). 


a b c a+b+c 


- 9 nen ta suy ra duoc 




Dang thuc xay ra khi a = b = c= - 


Vi du 2.21 


Cho cac so thuc duong a,b,c thoa man a+b+c = 3. Chdng minh 


Nguyen Tat Thu 
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2 [a 2 + b 2 + c 2 ) + 3 ^ 9 f + -J— + ). 

U 2 + 2 6 2 + 2 c 2 + 2) 


Ldi gidi. Ap dung bat dang thiic Cauchy - Schwarz ta co 
( o j 2 + & 2 + l) (l + 1 + c 2 ) ^ (a, + b + c) 2 = 9 

hay la 


Tudngtu 


or + 6^ +1 ^ . 

c 2 + 2 

b 2 + c 2 + 1^-^— va c 2 + a 2 + l^ . 

a 2 + 2 6 2 + 2 


Cong cac bat dang thuc tren theo ve, ta dude 

2 (a 2 + b 2 + c 2 ) + 3 ^ 9 f —! l — + ). 

K ’ [a 2 + 2 b 2 + 2 c 2 + 2) 

Dang thuc xay ra khi a = b = c = 1. 


Vi du 2.22 


Cho cac so thuc dUdng a,b,c thoa man a + b + c - — + \ 

a b c 

Chung minh rang 

Va 2 + 1 + Vb 2 + 1 + Vc 2 + 1 ^ V2 (a + b + c). 


Ldi gidi. Ap dung bat dang thiic Cauchy - Schwarz ta co 

Va 2 + 1 + Vb 2 + 1 + \Jc 2 + 1 = \fa.\ a + — + Vb.\ b + \ + Vc.\ c + - 

y a V o y c 

^ ^(a + 6 + c) |oH-1- 6 + — + c H—j = p2(a + b + c). 

Dang thiic xay ra khi a = b = c = 1. I 


Nguyen Tat Thu 
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p- |vi du 2.23) 

Cho a,b,c> 0 va a + b + c = 1. Chufng minh rang 

aVa 2 + 8bc + bVb 2 + 8ca + cVc 2 + 8ab < 1. 


Ldi gidi. Ap dung bat dang thdc Cauchy - Schwarz ta c6 
VT= \/a. Va 3 + 8abc + Vb. \/b 3 + 8abc + \/c. \/c 3 + 8 abc 
^ \J(a + b + c)[a 3 + b 3 + c 3 + 24 abc). 

Mat khac 

(a + b + c) 3 = a 3 + b 3 + c 3 + 3 {a + 6)(6 + c)(c + a) ^ a 3 + b 3 + c 3 + 24 abc 
Suy ra 

VT ^ y^a^feTcKaT^+c) 3 = (a + b + c) 2 = 1. 

Bai toan dvfdc chung minh. Bang thuc xay ra khi a = b = c = ^. ■ 





(a + b)(a + c) 


(b + c)(b+a) 


> b \[: 


(c + a)(c + 6) 


^ 2(a + b + c) I 


(a + 6)(a + c) (6 + a)(6 + c) (c + a)(c + 6)j 
4(a + 6 + c)[a6 + be + ca] 

(a + 6)(6 + c)(c + a) 


Nguyen Tat Thu 
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Do do, ta chi can chiing minh 

4 (a + b + c){ab + bc + ca) < 9 ^(a + b + c)(ab + bc + ca) < 9 
(a + 6)(6 + c)(c + a) ^2 (a + b)(b + c)(c + a) ^ 8' 

Day la mot ket qua quen thuoc. ■ 

p jvi du 2.251 - 

Cho cac so thuc a,b,c> 0 thoa man a + b + c = 3. Chiing minh 
rang 

a * 2 b 2 c 2 > 

a + 2b 2 + b + 2c 2 + c + 2a 2 ^ 


Ldi gidi. Goi P la ve trai cua bat dang thuc can chiing minh. Ap 
dung bat dang thiic Cauchy - Schwarz ta c6 


a 3 + 2a 2 b 2 b 3 + 2b 2 c 2 c 3 + 2c 2 a 2 
(a 2 + 6 2 + c 2 ) 2 

^ a 3 + b 3 + c 3 +2 ( a 2 b 2 + b 2 c 2 + c 2 a 2 ) 

V6i a + b + c = 3taco 

(a 4 + b 4 + c 4 ) [a 2 + b 2 + c 2 ) > [a 3 + b 3 + c 3 f 
[a 3 + b 3 + c 3 )(a + b + c)^ [a 2 + b 2 + c 2 ) 2 
3 [a 2 + b 2 + c 2 ) ^ (a + b + c) 2 . 

Nhan ba bat dang thiic tren theo ve ta dupe 

3 [a 4 + b 4 + c 3 ) ^ (a + b + c) (a 3 + b 3 + c 3 ) 

Hay a 4 + b 4 + c 4 ^ a 3 + b 3 + c 3 . Do do 

[a 2 + b 2 + c 2 ) 2 = a 4 + b 4 + c 4 + +2 [a 2 b 2 + b 2 c 2 + c 2 a 2 ) 

^a 3 + b 3 + c 3 + 2 [a 2 b 2 + b 2 c 2 + c 2 a 2 ). 

Vay P > 1, Dang thiic xay ra khi a = b = c = 1. 


Nguyen Tat Thu 
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Vidu 2.26 


Cho a,b,c> 0 thoa a + b + c- 2. Chiing minh rang: 

:< 1 . 


V4a + 3bc \fi b + 3ca \/Ac + 3 ab 


Lbi gidi. Ap dung bat dang thuc Cauchy - Schwarz ta c6: 


(a b c r , J a b c 

— — H— — H— — ^ (a + b + c) I--—l— -1-— 

V \/4 a + 3 be VA b + 3 ca \/4c + 3 ab) \Aa + 3bc Ab + 3ca 4c + 3a6 


\,4a + 36c 46 + 3ca 4c + 3a6j 


Ta chufng minh: 


4a + 36c 46 + 3ca 4c + 3a6 2 


be 


- > ~ 


Ta co 


VT (*)> 


4a + 36c 46 + 3ca 4c + 3a6 3 

(a6 + 6c + ca) 2 


(*) 


6c(4a + be) + ca(Ab + ca) + ab(Ac + ab) 


Do 


6c(4a + be) + ca(46 + ca) + a6(4c + ab) = 3(a6 + 6c + ca) . 


Nen ta co: VT(*) ^ - (dpcm). Dang thuc xay ra khi va chi khi a = 6 = 
2 


Vidu 2.27 


Cho cac so thuc dUdng a,b,c. Chung minh rang: 


t a [ ( 6 Y t c 
\a + b> v6 + cj v c + a' ^ A' 


Nguyen Tat Thu 
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Lbi gidi. Vi = 1 nen ton tai cac so thuc duong x,y,z sao cho 

a b c 

b _ yz c _zx a _ xy 
a ~ ^’ b ~ y 2 ’ c ~ Is 2 '' 

Bat dang thiic can chiing minh tr6 thanh 


(: x 2 + yz ) 2 (. y 2 + zx) 2 (; z 2 + xy) 2 4 

Ap dung bat dang thuc Cauchy - Schwarz ta c6 

x 4 f y 4 f * 4 [x 2 + y 2 + z 2 f 

[x 2 + yz) 2 (. y 2 + zxf ( z 2 +xy) 2 [x 2 + yz) 2 + [y 2 + zx) 2 + [z 2 + xy) 2 

Ta chiing minh 

[x 2 +y 2 +z 2 ) 2 3 


[x 2 +yz) 2 + [y 2 +zx) 2 + (z 2 +xy) 2 4 

Bien doi va rut gon ta thu dude bat dang thiic 

x 4 + y 4 + z 4 + 5 ( x 2 y 2 + y 2 z 2 + z 2 x 2 ) > 6xyz (x + y + z) 

Ta co 

x 4 + y 4 + z 4 ^ x 2 y 2 + y 2 z 2 + z 2 x 2 > xyz(x + y + 2). 

Nen suy ra (*) dung. Vay bai toan dUdc chiing minh. 


Vidu 2.28 


Cho cac so thuc x,y,z > 0. Chiing minh rang 

x+y y+z z+x 


(*). 


y/x 2 + y 2 + zx + zy \Jy 2 + z 2 + x y + xz \Jz 2 + x 2 + yz + x 


Lbi gidi. Ap dung bat dang thiic Cauchy - Schwarz ta co 

VT 2 ^ 3 [ & + y) 2 + (y + z) 2 + (z + x) 2 1 

^ [ x 2 + y 2 + zx + yz y 2 + z 2 + xy + xz z 2 + x 2 + zy + yx\ 

Nguyen Tat Thu 
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Mat khac 


C x + y) 2 = (x + y) 2 < x 2 | y 2 = x | y 

x 2 + y 2 + zx + yz x(x + 2 ) + y(y + z) ^ x(x + z) y(y + z) x + z y + z 

Tildng til 

(,y + zf y z ( z+x) 2 z x 

—c, - 5 -^- 1 -va 5 ^- 1 - 

y* + z z + xy + xz y + x z + x z^ + x^ + zy + yx z + y x + y 


Suy ra VT 2 ^ 9 o VT ^ 3, til day ta c6 dpcm. 


(VQB Can Cho cac so thiic dildng a,b,c thoa man a + b + c = 6 
va a 2 + b 2 + c 2 = 14. Chilng minh rang 


2 40 + 6 31 

c 2 


Ldi gidi. Ta c6 
4 a + b 

-)2o -4a -b + 2c ^ 0 o 3a + 66 + 9c ^ 7(a + b + c) = 42 (1). 

c 

Ap dung bat dang thiic Cauchy - Schwarz ta c6 

3a + 66 + 9c^y / (3 2 + 6 2 + 9 2 ) (a 2 + 6 2 + c 2 ) = 42. 

Suy ra (1) dung. Dang thiic xay ra khi a = 1,6 = 2,c = 3. 

Tildng til 

+ ^ ^ — o 8a + 26 -31c <0o 57a + 516 + 18c ^49(a + 6 + c) = 294 
c 2 

(2). 

Ap dung bat dang thiic Cauchy - Schwarz ta co 

57 a + 51b + 18c ^ \J (57 2 + 51 2 + 18 2 ) [a 2 + 6 2 + c 2 ) = 294 

, 19 17 

Hay (2) dildc chiing minh. Dang thiic xay ra khi a - —,6 = —,c = 

\ 

Nguyen Tat Thu 
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2.2 flai tap 

Bai tap 2.25. Cho cac so thtfc dvfdng a,b,c thoa a 2 + b 2 + c 2 = 3. 
Chiing minh rang: 

a 3 + b 3 + c 3 > i 
6 +2c c + 2a a+ 26 "" 

Bai tap 2.26. Cho cac so thtfc dtfdng a,b,c c6 tfch bang 1. Chiing 
minh rang: 

1 1 1 
a 3 + 6 3 + 1 6 3 + c 3 + 1 c 3 + a 3 + 1 ^ 

Bai tap 2.27. Cho cac so thtfc drfdng x,y,z thoa x+y+z ^ 2. Tim gia 
tri nho nhat: 


P = 





Bai tap 2.28. Cho x,y thoa 

xy + yz + zx ^ 8. 


) x 2 + xy + y 2 = 16 
y 2 + yz+z 2 = 3 ' 


Chiing minh rang: 


Bai tap 2.29. Cho a,b> 0. Chiing minh rang: 

[A\/a + 3\/&j (3v/a + 4\/&)^25(a + 6). 

Bai tap 2.30. Cho a, b, c la cac so thtfc dtfdng thoa: a 2 + b 2 + c 2 ^ 3. 
Chiing minh rang: 

a 3 < 6 3 < c 3 ^ 1 

Vb 2 + c 2 + 7 + Vc 2 + a 2 + 7 + Va 2 + b 2 + 7 " 

Bai tap 2.31. Cho cac so thtfc dildng a,b,c c6 tong bang 3. Chiing 
minh rang: 

1 1 1 z 1 

4a 2 + b 2 + c 2+ a 2 + Ab 2 + c 2+ a 2 + b 2 + 4c 2 ^ 2' 

Nguyen Tat Thu 
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Bai tap 2.32. Cho cac so thtfc dvfcfng a, b, c. Chiing minh rang: 

a 2 b 2 c 2 ^ 1 

(2a + b)(2a + c) + (2b + a)(2b +c) + (2c + a)(2c + 6)^3' 

Bai tap 2.33. Cho ba so thtfc dildng a, b, c thoa man a + b + c = 3. 
Chiing minh rang: 


5 > 1 . 


a + 2b 2 b + 2c 2 c + 2a 2 ' 

Bai tap 2.34. Cho cac so thtfc x,y,z> 0. Chiing minh rang: 


* + y 


y + z 


= ^ 3 . 


\Jx 2 + y 2 + zx + zy \Jy 2 + z 2 + xy + xz \Jz 2 +x 2 + yz + xy 

Bai tap 2.35. Cho ba so thiic dvfdng x,y,z thoa man x + y + z = 3. 
Chiing minh rang: 

4x + 5 Ay + 5 Az + 5 162 

-+- - -+-^- . 

x 3 + xy 2 + 3 xyz y 3 + yz 2 + 3 xyz z 3 + zx 2 + 3 xyz x 2 + y 2 + z 2 + 27 

Bai tap 2.36. Cho a,b,c> 0 thoa man a+b+c= 1. Chiing minh rang 

a 2 b 2 c 2 1 


(b + 2c) 2 (a + b) (c + 2a) 2 (6 + c) (a + 26) 2 (c + a) 2 

Bai tap 2.37. Cho a,b,c > 0 thoa man a 2 + b 2 + c 2 ^3. Chiing minh 
rang: 

a b c V2 

—^/ ——— (a + b + c). 

Vb + c /c + a Va + b 2 

Bai tap 2.38. Cho a,b,c> 0 thoa abc = 1. Chiing minh rang 

b + c c + a a + 6 r- 

—— + —— + —— ^ s/a + V b + s/c + 3. 

\fa s/b s/c 

Bai tap 2.39. Cho a,b,c£ (1;2). Chiing minh rang 
bsfa c\/b a/c 


Ab/c-c/a Ac/a-a/b Aas/b -b/c 

Nguyen Tat Thu 
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Bai tap 2.40. Cho a,b,c> 0 thoa man a + b + c = 1 . Chiing minh rang 

a 2 + b b 2 + c c 2 + a ^ ^ 

— -1-1- — ^ 2. 

b+c c+a a+b 

Bai tap 2.41. Cho a,b,c> 0. Chiing minh rang 

a + b a b + c b c + a c ^3 


6 + c'2a + 6 + c c + a'26 + c + a a + b'2c + a + b 4' 
Bai tap 2.42. Cho a,b,c> 0. Chiing minh rang 

a 3 b 3 c 3 3(a6 + 6c + ca) 


b 2 -bc + c 2 c 2 -ca + a 2 c 2 -ca + a 2 ^ a + b + c 

Bai tap 2.43. Cho a,b,c> 0. Chiing minh rang 


ab 


be 


a + b + c 


a + b + 2c b + c + 2a c + a + 2b 4 

Bai tap 2.44. Cho a,b,c> 0. Chiing minh rang 

a b c 

a + \/(a + b)(a + c) b + V(b + c)(6 +a) c + \/(c + a)(c + 6) 

Bai tap 2.45. Cho x,y,z>- 1. Chiing minh rang 
1 + x 2 1 +y 2 1+z 2 

_I_ J _|_< 2. 

l + y + z 2 1 + z+x 2 1 + x + j 2 ^ 

Bai tap 2.46. Cho a,b,c> 0. Chiing minh rang 

[a 2 + 2) [b 2 + 2) (c 2 + 2) ^ 9 (ab + be + ca). 

Bai tap 2.47. Cho a,b,c> 0. Chiing minh rang 

a 3 b 3 c 3 


(2a 2 + b 2 ) (2a 2 + c 2 ) (2b 2 + c 2 ) [2b 2 + a 2 ) (2c 2 + a 2 ) (2c 2 + b 2 ) ^ a + b + c 

Bai tap 2.48. Cho a,b,c> 0 thoa man a 2 + b 2 + c 2 = 3. Chiing minh 

111 

2^ + 2Tb + 2 T~c >3 ' 


rang 


Nguyen Tat Thu 
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Bai tap 2.49. Cho a,h,c> 0. Chiing minh rang 

a b c 1 

-h-h - ^ —. 

4a + 46 + c 46 + 4c + a 4c + 4a + 6 3 

Bai tap 2.50. Cho x,y,z> 0 thoa man xyz = 1. Chiing minh rang 

111 
1 + x + x 2 1 + y + y 2 l + z + z 2 '' 

Bai tap 2.51. Cho x,y,z > 0 thoa man xyz = 8. Chiing minh rang 

x 2 + y 2 + z 2 > ^ 

x 2 + 2x + 4 y 2 + 2y + 4 z 2 + 2z + 4 "" 

Bai tap 2.52. Cho cac so thilc x, y,z ^ 1 va xyz = 1. Chiing minh rang 



2.3 (Bat dang thitc Schur 

23 fiat dang thitc Schur 

Dinh li 2.4. Cho cac so thitc khong dm x,y,z va so thitc ditong r. Khi 
do, ta co bat dang thitc sau 

x r (x - y)(x -z) + y r (y - x)(y -z) + z r (z - x)(z - y) ^ 0. 

Dang thitc xay ra khi a = b = c hoac c = 0,a = b va cac hoan vi. 

Chitng minh. Vi bat dang thiic can chiing minh la doi xiing ba 
bien nen ta gia sit x ^ y ^ z, khi do z r (z - x)(z - y) ^ 0 va 

x r (x-y)(x-z)+y r (y-xXy-z) ^ (x-y) (x r (y -z)- y r (y - z )) = (x-y)(y-z)(x r -y r ) > 

Til hai bat dang thiic tren ta suy ra dpcm. □ 

Nguyen Tat Thu 
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2.3 Cac trUctng fiotp ctac Sict 

• Xet r = 1 ta co cac dang sau 

1. x 3 + y 3 + z 3 + 3 xyz ^ + y) + yz(y + z) + zx(z + x) 

2. 4(a 3 + 6 3 + c 3 ) + 15a6c^(a + 6 + c) 3 

3. xyz ~^(x + y-z)(y +z-x)(z + x-y) 

4. x 2 + y 2 + z 2 + 9XyZ ^ 2(xy + yz + zx) 

x + y + z 

5. (x + y + 2 O 3 + 9 xyz ^ 4(x + y + z)(xy + yz + zx) 

• r = 2 ta co cac dang sau 

1. x 4 +y 4 + z 4 + xyz{x+y+z)^ xy(x 2 +y 2 )+yz(y 2 + z 2 )+zx(z 2 +x 2 ) 

2. 6 xyz(x + y + z) ^ [2 (xy + yz + zx) - (x 2 + y 2 + 2 2 )] (x 2 + y 2 + z 2 + 
xy + yz + zx). 


2.3 Wat dang tfitic Scfiur suy rong 

Dinh li 2.5. Cho cac so thitc diCOng a,b,c,x,y,z sao cho cac bo ( a,b,c) 
va ( x,y,z) la cac bo don dieu. Khi do, ta co bat dang thitc 

a(x - y)(x -z) + b(y - z)(y -x) + c(z - x\z - y) ^ 0. 

Viec chiing minh bat dang thufc nay ttfdng ttf nhu chiing minh 
bat dang thufc Schur 6 tren. 

2.3 Cac m du 

Cho cac so thuc khong am a,b,c. Chufng minh rang 

fa+6>3 J (6 + C>3 + , p C + a>3 ^2y/2. 

a6(4a + 46 + c) y bc(4b + 4c + a) V ca(4c + 4a + 6) 


jvi du 2.301 


Nguyen Tat Thu 
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Ldi gidi. Goi P la ve trai cua bat dang thiic can chiing minh. Khong 
mat tfnh tong quat, ta gia sii a + 6 + c = 3. Ap dung bat dang thiic 
AM-GM ta co 


(a + br / (a + br ab(4a+4b+c ) 1 

- +1 / -"I - -^ —(a + 6) 

8a6(4a + 46 + c) V 8a6(4a + 46 + c) 27 2 


Suy ra 


Tvfdng tu 


(a + 6r a6(4a + 46 + c) 1 

-+-> -(a + 6). 

8a6(4a + 46 + c) 54 ^4 


(6 + c) s bc(4b + 4c + a) 1 

-+-> -(6 + c) 

86c(46 + 4c + a) 54 4 


(c + a) 3 ca(4c + 4a + 6) 1, 

-h - ^ —(c + Cl). 

8ca(4c + 4a + 6) 54 4 


Cong ba bat dang thiic tren ta co 

^P + 

2v/2 


1 1,1 
= — [4(a + 6 + c)(ab + bc + ca) - 9abc ] ^ —(a + 6 + c) = -. 
54 54 2 


1 3 

B = -.2 (a + 6 + c) = -. 

Suy ra 

P ^--- = 1=>P^ 2\/2. 
2v/2 2 2 

Bai toan dilcJc chiing minh. 


Nguyen Tat Thu 
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p- |vi du 2.311 - 

(APMO 2004) Cho cac so thuc dudng a,b,c. Chiing minh rang 
(a 2 + 2)(6 2 + 2)(c 2 + 2) ^ 9(a6 + be + ca). 


Ldi gidi. Ta c6 

VT = a 2 b 2 c 2 + 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 4(a 2 + b 2 + c 2 ) + 8. 

Mat khac 

a 2 b 2 + b 2 c 2 + c 2 a 2 + 3 = a 2 b 2 + 1 + b 2 c 2 + 1 + c 2 a 2 + 1 ^ 2(a6 + be + ca) 


a 2 b 2 c 2 + 2 = a 2 b 2 c 2 + 1 + 1 ^ 3 v a 2 b 2 c 2 


3 abc 


> ^ 2 (ab + bc + ca) - (a 2 + b 2 + c 2 ). 


Vabc 

2 a. A2 , 2^ 


Suy ra 

VT > 2(a6 + be + ca) - (a 2 + b 2 + c 2 ) + 2.2 (ab + bc + ca) + 4(a 2 + b 2 + c 2 ) 


= 6(ab+bc+ca)+3(a 2 +b 2 +c 2 ) ^ 6(a6+6c+ca)+3(a6+6c+ca) ^ 9(ab+bc+ca). 
Bai toan dupe chiing minh. ■ 


(VMO 2014) Cho a,b,c ^ 0. Chiing minh rang 
3(a 2 + b 2 + c 2 ) ^ ^ (a + b + c) 2 , 

v6i & = (a + b + c)(\/a6 + \/&c + + (a - &) 2 + (6 - c) 2 + (c - a) 2 . 


Nguyen Tat Thu 
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Ldi gidi. Ta c6 

3(a 2 + 6 2 + c 2 ))^oa + 6 + c) Vab + Vbc + \fca. 

Bat dang thufc nay la ket qua quen thuoc. 

Bat x = sfa, y = Vb, z = y r c. Khi do, bat dang thufc 

^ (a + b + c) 2 o J^x 4 + xyz J^x + ^xy(x 2 + y 2 ) ^ 4j^x 2 y 2 (1) 

Sti dung bat dang thufc Schur (v6i trUdng hop r = 2) ta c6 

^x 4 + xyz^x ^ £^xy(x 2 + y 2 ) 

do do 

VT(1) ^ 2^xy(x 2 +y 2 ) ^ 2.£^xy.2xy = 4^x 2 y 2 . 

Hay (1) dilOc chufng minh. ■ 

p jvi du 2.331 -- 

Cho a,b,c> 0. Chufng minh rang 

a 2 + bc b 2 + ca c 2 +ab > 1 1 1 

a 2 (b + c) + 6 2 (c + a) + c 2 (a + 6)^a + 6 + c' 


Ldi gidi. Ta co 

a 2 + bc 1 a 2 + bc-a(b + c) _(a-b)(a-c) 
a 2 (b + c) a a 2 {b + c) a 2 (b + c) 

Do do, bat dang thufc can chufng minh tUOng duong v6i 


x(a - b){a - c) + y(b - c)(b - a) + z(c - a)(c - b) ^ 0 (1). 


V6i x = - 


,y = 


b 2 (c + a)’ 
1 


c 2 (a + 6)’ 
1 


a 2 (6 + c) 6 2 (c + a) 


a 2 (b + c ) 

Gia srt a > b > c, ta co 
hay x<y. 

Do do, bo (x,y,z) la bo don dieu giam. Do 
Schur suy rong, ta co (1) dung. 


ab(b -a) + c(b 2 - a 2 ) > 

a 2 b 2 (b + c)(c + a) 

do, theo bat dang thufc 


Nguyen Tat Thu 
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2.3 Bai tap 

Bai tap 2.53. (Hello IMO 2007- Tran Nam Dung) Chiing minh 
rang v6i moi a,b,c ^ 0,ta co: 

2(a 2 + b 2 + c 2 ) + ctbc + 8 ^ 5(a + b + c). 

HD: Srf dung bat dang thiic AM-GM,ta co: 

12(a 2 + b 2 + c 2 ) + 6a6c + 48 - 30(a + b + c) 

= 12(a 2 + b 2 + c 2 ) + 3(2a6c + 1) + 45 - 5.2.3(a + b + c) 

^ 12(a 2 + 6 2 + c 2 ) + 9 v / a 2 6 2 c 2 + 45 - 5.((a + b + c) 2 + 9) 
o o o 0CI & c 

= 7(ar + + c 2 ) + - 10(a& + be + ca) 

Vabc 

27 

^ 7(a 2 + 6 2 + c 2 ) H---10(a& + be + ca) 

a + o + c 

Mat khac srf dung bat dang thiic Schur, 

- 7 -^ 4(a6 + be + ca) - (a + b + c) 2 = 2(a6 + be + ca) - (a 2 + b 2 + c 2 ) 

a + b + c 

Do do 

27 

7(a 2 + 6 2 + c 2 ) +---10(a& + be + ca) 

a + b + c 

^ 7(a 2 + b 2 + c 2 ) + 6(a6 + be + ca) - 3(a 2 + b 2 + c 2 ) - 10(a& + be + ca) 

= 4(a 2 + b 2 + c 2 - ab - be - ca) ^ 0. 

Bat dang thrice difdc chiing minh. 

Bai tap 2.54. Cho cac so thrfc drfdng a,b,c thoa man abc = 1. Chiing 
minh rang 

-o + To —o+3^2(a + b + c). 
a^ 6^ c 2 

HD: 

Bat x = y - z = -. Bat dang thiic can chiing minh tr6 thanh 
abc 

x 2 + y 2 + z 2 + 3 ^ 2(:ry + yz + zx) 
o (x + y + z)(x 2 + y 2 + z 2 + 3) ^ 2(x + y + zXxy + yz + zx) 

Hay 

x 3 + y 3 + z 3 + 3(x + y+ z)^x 2 (y+ z) + y 2 (z + x) + z 2 (x + y) + 6 (1). 

Nguyen Tat Thu 
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Ta co 

x 3 + y 3 + z 3 + 3(x + y + z) ^ x 3 + y 3 + z 3 + 9 = x 3 + y 3 + z 3 + 3 xyz + 6^VP(1). 

Vay bai toan dildc chnng minh. 

Bai tap 2.55. Cho a, b, c > 0. Chiing minh rang 

a 2 + bc b 2 + ca c 2 + ab 

— -+-+-— ^a + b + c. 

b + c c + a a + b 

Bai tap 2.56. Cho a,b,c> 0. Chiing minh rang 

a 3 + b 3 + c 3 + 3abc^ab\/ 2 (a 2 + b 2 ) + be yj 2 (6 2 + c 2 ) + caV 2 (c 2 + a 2 ). 

Bai tap 2.57. (Iran 1996) Cho cac so thac drfdng x,y,z. Chiing 
minh rang 

2.4 Jixldng dan, dap so 
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